In this paper we consider Hamiltonian systems on the quantum plane and we show that the set of Q-meromorphic Hamiltonians is a Virasoro algebra with central charge zero and the set of Hamiltonian derivations of the algebra of Q-analytic functions A q with values in the algebra of Q-meromorphic functions M q is the Lie algebra sl(2, A 1 (q)). Moreover we will show that any motion on a quantum space is associated with a quadratic Hamiltonian.
Introduction
Classical and quantum mechanics on q-deformed spaces have been studied by many authors. Most of these works are concerned Hamiltonian systems, but there are also some works about Lagrangian formalism on the quantum plane. In all these works the qdeformed symplectic structure is obtained by the q-deformation of the natural symplectic structure of the plane and it enables one to obtain the equations of motion in the form dx/dt = {H, x} q ,dp/dt = {H, p} q . Unfortunately the q-deformed Poisson bracket has nothing in common with the usual Poisson bracket and the only use of it is in writting the equations of motion as above. But most of the very interesting facts of classical mechanics are absent here. It is unfotunate that here, in general it is not true that {H, H} q = 0, and {H, f } q = 0 does not imply that {H 2 , f } q = 0. In this situation what can be said about the Liouville's integrability theorem?
The interpretation of the quantum spaces given in [3] enables us to have Newtonian mechanics on these spaces. But it is exactly the same as Newtonian mechanics on the ordinary affine spaces.On the other hand, it is well-known that there are two other approaches to classical mechanics based on the symplectic structure of the phase space [1] .
The first is the state approach and the second is the observable approach. In these approaches the coordinate and the momentum functions appear like other observables and they all satisfy the same equation. On quantum spaces, the state approach leads to the fact that the mass is a c-number. While accoording to the observable approach the mass is an operator. Therefore, on quantum spaces these two approaches are not equivalent.
Moreover, they are different from Newtonian approach to the classical mecanics on quantum spaces. In this paper following [5, 6] we follow the observable approach. Hence the mass will be considered as an operator. To be more precise, let M q denote the A 0 (q)-algebra of q-meromorphic functions and π be the canonical q-deformed Poisson structure on M q . By a Hamiltonian system we mean a triple (M q , π, z), where z is a π-Hamiltonian
Here by a motion of the above system we mean a one-parameter group of automorphisms of the system φ t , satisfying the following condition
Notice that we did not assume from the begining that the mass is a constant of motion, but it will be proved. In this way we see that we can not consider an arbitrary element of M q as a Hamiltonian. Indeed, the set of all Hamiltonians constitute a Virasoro algebra with central charge zero. But as we will see for a general Hamiltonian in our sense the corresponding Hamilton equations, in general does not define any motion. But when we restrict ourselves to the Hamiltonian systems of the form (A q , π, z), we see that the
Hamilton equations define the motion of the system. These motions are of very restricted types. Generally speaking, using Proposition 1.1 one can easily see that the only possible motions on the quantum spaces are those associated with quadratic Hamiltonians. This fact suggests that we should look for other quantum manifolds to have motions of other types. We emphasize that it is easy to see that the state approach also gives the same result.
Before going further we remind that in this paper our notations and conventions are as in [3] . Moreover, here by A 0 (q) we mean the C-algebra of all absolutely convergent power
with values in C, and by A q we mean the A 1 (q)-algebra of Q-analitic functions on the q-deformed R 3 with the following commutation relations between the coordinate functions x, p, m,
where a and b are in Z. Also, by M q we mean the A 0 (q)-algebra of Q-meromorphic functions of the form
where the sign " ≫ " under the "Σ" means that the indices i, j, k are bounded below. We say that the function z is a generalized Q-meromorphic function if it is of the following
Notice that the set of generalized Q-meromorphic functions does not constitute an algebra.
Finally, throughout the paper the sign " − " on a "Σ" means that the "Σ" is with finite support.
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To prove that D is a derivation, let a, b and c be in
Then we extend D to all of M q by linearity and continuity. Now we are going to prove that D is a derivation. Clearly for r, s and t in Z we have
Therefore, D is a derivation. 
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From the above we have the following 
Corollary. A necessary and sufficient condition for the linear operator D : A q → M q to be a derivation, is that D(x), D(p) and D(m) be of the following forms
Now it is clear that for each derivation
More generally
Proof. Let a, b and c be in N. Then
Lemma 1.5. Under the above assumption Let a, b, c, r, s and t be in N. Then
Proof. It is only sufficient to prove that D(x)
In the same way we see that D(p) The set of all derivations of M q which is clearly a Lie algebra will be denoted by χ(M q ).
Hamiltonian systems on the quantum plane
In this section we endow M q with the canonical q-deformed Poisson structure
The associated q-deformed Poisson bracket will be denoted by { , } q . More precisely, for each two elements f, g ∈ M q we have {f , g} q = q −1/2 ∂f ∂x ∂g ∂p − q 1/2 ∂f ∂p ∂g ∂x .
An element z ∈ M q is called Hamiltonian if the mapping
is a derivation. In this case X z is called a Hamiltonian derivation.
Lemma 2.1. A necessary and sufficient condition for z ∈ M q to be Hamiltonian is that it has the following form
Proof. Let z be of the above form. Then
By Proposition 1.2 X z is a derivation. Now assume that X z is a derivation. Suppose that
implies that i = k + 1 and j = 1 − k. The proof is complete.
The set of all Hamiltonian elements of M q will be denoted by H(M q ). It is clear
Therefore for each two elements
−{z 2 , z 1 } q . Now let z 1 and z 2 be as above and
above.Then
and
From the above considerations we see that the mapping
given by X(z) = X z is a homomorphism of A 0 (q)-Lie algebras with kernel A 0 (q). Let z n ∈ H(M q ) be defind as follows
Then {z m , z n } = (m − n)z m+n . Therefore the Lie algebra of Hamiltonian derivations is the Virasoro algebra with central charge zero.
The set of all Hamiltonian derivations of A q with values in M q is an A 1 (q)-Lie algebra
, with the multiplication rules
Therefore this Lie-algebra is sl(2, A 1 (q)).
{z , f } q = {z , x} q ∂f ∂x + {z , p} q ∂f ∂p .
Proof.
By a Hamiltonian system on the quantum plane we mean the triple (M q , π, z), where π is the canonical q-deformed Poisson structure on M q and z ∈ H(M q ). Let φ t be a one-parameter group of automorphisms of the q-deformed Poisson structure (M q , π). We say that φ t defines the motion of the system (M q , π, z),
where for each f ∈ M q , φ t (f ) is denoted by f t .
Proposition 2.3.
A necessary and sufficient condition for φ t to define the motion of the Hamiltonian system (M q , π, z) is that for each t, z t ∈ H(M q ) and x t and p t satisfy the following equations
Proof. The condition is clearly necessary. To prove that the condition is sufficient assume that x t , p t and m t satisfy the above equations and z t ∈ H(M q ). Then
As we have seen earlier for each t, X zt is a derivation. Therefore
Therefore for each f ∈ M q we have
Now since for each t, {z t , z t } q = 0 therefore dzt dt = 0. This means that z is an invariant of motion. It is easy to see that any analytic function of z is also an invariant of motion.
Proposition 2.4. Let z ∈ H(M q ). Then the Cauchy problem
has a unique generalized q-meromorphic solution. Moreover the solution satisfies the relations p t x t = qx t p t and m t = m.
Proof. Let D = X z . Then the above Cauchy problem has the unique solution
Now from the relations
and using the above expression for D we see that p t x t = qx t p t , and m t = m.
Notice that the Hamilton equations on M q in general does not define a motion of the corresponding Hamiltonian system, in our sense. In the following we prove that the situation for A q is different. Consider the Hamiltonian system (M q , π , z), where
+ γxp, where α , β and γ ∈ A 1 (q). The corresponding Hamilton equations are dx t dt = −q −1/2 (αp t m −1 + q −1 γx t ) , dp t dt = q −1/2 (βx t m + γp t ).
Or in the matrix form ( dx t dt dp t dt ) = (x t p t ) 2. Let α = 1 β = ω 2 and γ = 0.In this case we have x t = xcos ωt − q −1/2 p(ωm) −1 sin ωt p t = pcos ωt + q −1/2 ωxmsin ωt.
Notice that in these two special cases the slight difference between our results and those in [5] comes from the difference between the definitions of the q-deformed Poisson structures given in [5] and in this paper and the difference between Hamiltonians in [5] and here come from different rules of differentiation.
